Introduction
Throughout this paper, X will denote a Banach space, S l S(X ) and B l B(X ) will be the unit sphere and the closed unit ball of X, respectively, and l (X ) will stand for the group of all surjective linear isometries on X. Unless explicitly stated otherwise, all Banach spaces will be assumed to be real. Nevertheless, by passing to real structures, the results remain true for complex spaces.
Recall that, given u in S, the norm of X is said to be Fre! chet differentiable at u if there exists a continuous linear functional τ(u, :) on X such that
If the norm of X is Fre! chet differentiable at every point of S, and if we have
uniformly for in S,
then we say that X is uniformly smooth. For u in S, the norm of X is Fre! chet differentiable at u if and only if The uniform smoothness of X becomes the extremely opposite situation to that of the roughness of the norm. Following [4, Definition I. 1.10] , the norm of X is said to be rough if there exists ε 0 such that for every u in S, we have
The relevance of rough norms relies mainly on the fact that Asplund spaces can be characterized as those Banach spaces which do not admit rough (equivalent) renormings [4, Theorem I.5.3] .
      
Let us say that an element u of X is a big point of X if u belongs to S and co (u) l B, where co means the closed convex hull. The Banach space X is said to be convex transitive if every element of S is a big point of X. The main result in this paper asserts that if X is convex transitive, then either the norm of X is rough, or X is uniformly smooth. In the second case, we show that X is almost transitive (that is, (u) is dense in S for every u in S ), so that, according to results in [6] and [3] , X is uniformly convex and X * is almost transitive. In the first case, we prove that the norm of X * is rough too. These results provide, in abundance, examples of Banach spaces without convex transitive renormings, thus answering in the negative a natural question which seems to have been open up to now (compare [12] , [9] and [3] ). For, if X is a non-superreflexive Banach space, and if either X cannot be roughly renormed (for instance, if X is Asplund) or X * cannot be roughly dually renormed (for instance, if X has the Radon-Nikodym property), then X has no convex transitive renormings.
The results reviewed above also apply to obtain new characterizations of the class of almost transitive super-reflexive Banach spaces. This class has been considered by C. Finet [6] (see also [4, Corollary IV.5.7] ) and, very recently, by F. Cabello [3] . The Cabello paper contains the following two remarkable results.
(i) To be a member of , a super-reflexive Banach space need only be convex transitive.
(ii) To be a member of , an almost transitive Banach space needs only either to be Asplund or to have the Radon-Nikodym property.
It follows from the main results in this paper that actually convex transitive Banach spaces lie in whenever either they are Asplund or they have the Radon-Nikodym property.
The tools
In this section we proceed with a systematic study of big points in relation to Fre! chet differentiability and non-roughness of the norm. Proof. Let ε be a positive number. If the norm of X is Fre! chet differentiable at some big point u of X, then there exists some δ 0 such that
RujhRjRukhRk2
RhR ε whenever h is in X Bo0q and RhR δ. Now
R jhRjR khRk2 RhR ε whenever h is in X Bo0q with RhR δ * is a closed, convex and -invariant subset of X containing u. It follows from the bigness of u that R jhRjR khRk2 RhR ε whenever is in S and h is in X Bo0q with RhR δ.
For u in S, we put
so that the norm of X is non-rough if and only if there exists ε 0 such that for every u in S, we have η(X, u) ε. The proof of the next lemma does not involve new ideas, hence it is left to the reader. L 2.2. Let u be a big point of X. Then for e ery in S, we ha e η(X, ) η(X, u).
Let us say that an element f of X * is a w*-big point of X if f belongs to S(X *) and the convex hull of (X *)( f ) is w*-dense in B(X *). By keeping in mind that the norm of X * is lower w*-semicontinuous, the proofs of Lemmas 2.3 and 2.4 below are similar to those of Lemmas 2.1 and 2.2, respectively. L 2.3. Assume that the norm of X * is FreT chet differentiable at some w*-big point of X *. Then X * is uniformly smooth. L 2.4. Let f be a w*-big point of X *. Then for e ery g in S(X *), we ha e η(X *, g) η(X *, f ).
A slice in X is a set of the form ox ? B : f(x) 1kαq for some f in S(X *) and α 0. A w*-slice in X * is a set of the form og ? B(X *) : g(u) 1kαq for some u in S and α as above. According to [4, Proposition I.1.11], the norm of X is non-rough if and only if for every ε 0, there is a w*-slice in X * with diameter less than ε. Then, with some additional effort, it can be proved that the norm of X * is non-rough if and only if for every ε 0, there exists a slice in X with diameter less than ε. For later reference, we note that the above facts imply that if the norm of X is non-rough, then the norm of X ** is non-rough too.
L 2.5. Let u and be big points of X. If the norm of X * is non-rough, then u belongs to the closure of ( ) in S.
Proof. Let ε 0. If the norm of X * is non-rough, then there exists f in S(X *) and α 0 such that diam ox ? B : f(x) 1kαq ε. Now ox ? B : f(x) 1kαq is a closed and convex subset of X strictly contained in B. It follows from the bigness of u and that there are F and G in satisfying f(F(u)) 1kα and f(G( )) 1kα. Therefore, if we put H B F −" @ G, then H belongs to , and we have
The next lemma can be proved in a similar way. L 2.6. Let f and g be w*-big points of X *. If the norm of X is non-rough, then f belongs to the norm-closure of (X *) (g) in S(X *). Now, recall that a point u in S is called a denting point of B if for every ε 0 there is a slice in X containing u and whose diameter is less than ε.
       L 2.7. Let be a denting point of B, and let u be a big point of X. Then belongs to the closure of (u) in S.
Proof. Let ε 0. Since is a denting point of B, there are f in S(X *) and α 0 such that f( ) 1kα and diam ox ? B : f(x) 1kαq ε. Since ox ? B : f(x) 1kαq is a closed and convex subset of X strictly contained in B, the bigness of u leads to the existence of some F in such that f(F(u)) 1kα. It follows that RF(u)k R ε.
Let us define w*-denting points of B(X *) as those elements f in S( X *) such that for every ε 0, there exists a w*-slice in X * containing f and whose diameter is less than ε. Then minor changes to the above proof lead to the next result. L 2.8. Let g be a w*-denting point of B(X *), and let f be a w*-big point of X *. Then g belongs to the norm-closure of (X *) ( f ) in S(X *).
The results
We recall that the Banach space X is said to be almost transitive if for every (equivalently, some) u in S, we have (u) l S, where the bar denotes closure. We recall that a subset R of a topological space T is said to be rare in T if the interior of the closure of R in T is empty. The following characterization of almost transitivity will be useful later.
P 3.1. Assume that there exists u in S such that (u) is non-rare in S. Then X is almost transiti e.
Proof. We may also assume that S is connected. Then it is enough to prove that (u) is open in S. Let be in (u). Then for every positive number ε, there exists G in with R kG(u)R ε, so that RukG −" ( )R ε, and hence u belongs to ( ). Therefore (u) l ( ). Now m (u) (the interior of (u) relative to S ) is a non-empty open subset of ( ), hence by the denseness of ( ) in ( ), there is some w in m (u)E ( ). For such a w there exists F in satisfying F(w) l , and we have
The dual X * of the Banach space X is said to be convex w*-transitive if every element of S(X *) is a w*-big point of X *. An easy and well-known consequence of the Hahn-Banach theorem is that convex transitivity of X implies convex w*-transitivity of X *.
From now on, will denote the class of almost transitive super-reflexive Banach spaces. It has been proved by C. Finet [5] (see also [4, Corollary IV.5.7] ) that all members of are uniformly smooth and uniformly convex. Then, as observed in [3] (see also [8, Lemma 2.5]), it is easily seen that is self-dual, that is, a Banach space X is in if and only if X * is. Also, we recall the fact, already pointed out in the Introduction, that members of are nothing but convex transitive super-reflexive Banach spaces [3] . Proof. We know that the implications (1) (2), (1) (4) and (1) (5) are true. (2) (1) Since X is convex transitive, the function η(X, :) is constant on S (by Lemma 2.2), and since the norm of X is non-rough, we actually have η(X, ) l 0 for every in S. By Lemma 2.1, X is uniformly smooth. Now X is a convex transitive super-reflexive Banach space, hence X lies in . (For completeness, we provide an alternative conclusion of the proof, which does not depend on the above characterization in [3] of members of . By looking at a denting point of the closed unit ball of the super-reflexive Banach space X, the almost transitivity of X follows from the convex transitivity and Lemma 2.7.) (3) (1) With X * instead of X, and Lemmas 2.3, 2.4 and 2.8 instead of Lemmas 2.1, 2.2 and 2.7, respectively, we can argue as in the proof of (2) (1) above to obtain that X * is a member of . By the self-duality of , X lies in .
(4) (3) Fix a big point in X. Since we assume that the norm of X * is nonrough, ( ) contains all big points of X (by Lemma 2.5). Since we also assume that the set of big points of X is non-rare in S, it follows that ( ) is a non-rare subset of S too. Therefore, by Proposition 3.1, X is almost transitive (hence convex transitive). By previous comments, X * is convex w*-transitive.
(5) (1) With X * instead of X, and Lemma 2.6 instead of Lemma 2.5, we can argue as in the proof of (4) (3) above to obtain that X ** is convex w*-transitive. Since the assumed non-roughness of the norm of X implies the non-roughness of the norm of X **, assertion (3) holds with X * instead of X. By the above proved implication (3) (1), X * lies in . Finally, apply that is self-dual.
The non-roughness of the norm, required in assertions (2), (3), (4) and (5) of the theorem, is a condition much weaker than the one of uniform smoothness enjoyed by the members of and their duals. On the other hand, the remaining requirements in such assertions also are ostensibly weaker than the one of almost transitivity (also enjoyed by the members of and their duals). Therefore we can obtain many other intermediate characterizations of almost transitive super-reflexive Banach spaces in terms of convex transitivity and related conditions. We leave to the taste of the reader the codification of the more relevant such characterizations involving isometric conditions. As a hint, we recall that the existence of points in S(X *) where the norm of X * is Fre! chet differentiable implies the existence of strongly exposed points in B, that strongly exposed points are denting points, and that the existence of denting points of B implies that the norm of X * is non-rough. Analogously, the existence of points in S of Fre! chet differentiability of the norm of X implies the existence of strongly w*-exposed (and hence w*-denting) points of B(X *), and this last fact implies that the norm of X is non-rough.
Concerning characterizations of members of in terms of convex transitivity and isomorphic conditions, we have the next corollary. The reader is referred to [4] and [5] for background on Asplund spaces and the Radon-Nikodym property. (5) The set of all w*-big points of X * is non-rare in S(X *), and X is Asplund.
      
Now we return to isometric requirements, and provide further characterizations of members of , where transitivity conditions are reduced to a minimum. Proof. Certainly, (1) implies (4) and (5). (4) (2) If the norm of X * is Fre! chet differentiable at every point of S(X *), then all elements of S are strongly exposed, hence denting points of B.
(5) (3) If the norm of X is Fre! chet differentiable at every point of S, then every element of S(X *) which attains its norm is strongly w*-exposed, hence a w*-denting point of B(X *). Now apply the Bishop-Phelps theorem.
(2) (1) Let u be a big point of X. By Lemma 2.7, the set of all denting points of B is contained in (u). Since we assume that such a set is non-rare in S, we have that (u) is non-rare in S. By Proposition 3.1, X is almost transitive. Finally, apply the implication (4) (1) in Theorem 3.2.
(3) (1) Replace in the above argument Lemma 2.7 by Lemma 2.8, and the implication (4) (1) in Theorem 3.2 by (5) (1) in that theorem.
We conclude this section by applying Theorem 3.2 to obtain a new characterization of Hilbert spaces. Given 1 p _, a subspace M of the Banach space X is said to be an L p -summand of X if there is a linear projection π from X onto M such that for every x in X we have
If M is an L p -summand of X, then the projection π above is uniquely determined by M, and is called the L p -projection from X onto M. Proof. First assume that X is complex. Then, by keeping in mind that L pprojections on complex Banach spaces are hermitian operators, and that a Hilbert space of dimension 2 cannot have one-dimensional L p -summands for p 2, the result follows from [7, Theorem 6.4] . Now assume that X is real. Choose u in S such that u is an L p -summand of X, and let π denote the L p -projection from X onto u. If 1 p _, then the norm of X is Fre! chet differentiable at u, hence, by (2) (1) in Theorem 3.2, X is almost transitive. If p l 1, then the polar of (1kπ)(X ) in X * is a one-dimensional L _ -summand of X *, so the norm of X * is Fre! chet differentiable at some point of S(X *), and so X is almost transitive (by (4) (1) in Theorem 3.2). Now (in any case) X is almost transitive and has an isometric reflexion (namely, 1k2π). It follows from [11, Theorem 2.a] that X is a Hilbert space. In general, none of these implications can be reversed. However, in the finitedimensional setting, all conditions above are equivalent to the one that the norm comes from an inner product.
The literature dealing with transitivity conditions on Banach spaces is linked to the Banach-Mazur ' rotation ' problem [1] if every transitive separable Banach space is isometric to % # . The reader is referred to the book of S. Rolewicz [10] and the recent survey paper of F. Cabello [2] for a comprehensive view of known results and fundamental questions in relation to this matter.
4.2.
We noted in the Introduction that the results in this paper (now, with more precision, Corollary 3.3) imply that most Banach spaces have no convex transitive renormings. We emphasize here that some such spaces, for example c ! and % " , have, however, maximal norms. Despite this fact, the question raised in [12] and [9] , whether or not every Banach space has a maximal renorming, seems to remain open. Also, it would be interesting to know if there exist convex transitive Banach spaces without almost transitive renormings, and almost transitive Banach spaces without transitive renormings. 
      
Examples of non-super-reflexive convex transitive Banach spaces are more abundant. Let us mention as representative (K ), with K equal to the Cantor set, L " ([0, 1]), and L " ( µ) for µ as above. The first space is not almost transitive, whereas the second is almost transitive but not transitive, and the third is transitive. According to the results in this paper, such Banach spaces, as well as their duals, must have rough norms. 4.4. Let K be a compact Hausdorff topological space, and put X B (K ). It is well known that the norm of X ** is Fre! chet differentiable at some point of S(X **), and hence it is non-rough. Now take K equal to the Cantor set. Then we know that X * is convex w*-transitive. However, by (4) (1) in Theorem 3.2, the set of all big points of X * must be rare in S(X *), and therefore X * cannot be convex transitive. This example also shows that the non-roughness of the norm of X required in assertion (5) of Theorem 3.2 cannot be relaxed to the non-roughness of the norm of X **. 4.5. One can ask if, in general, the assumption on a Banach space X that the set of its big points is non-rare in S is strictly weaker than that of convex transitivity. Since it can be shown that the set of all big points of X is closed in S, the actual question is if the requirement that the set of all big points of X has non-empty interior relative to S implies that X is convex transitive. Unfortunately, we do not know an answer to this question. In any case, our results provide some non-trivial information about it. Indeed, thanks to Theorem 3.2, the implication above is more than true whenever the norm of X * is non-rough (for instance, whenever X has the Radon-Nikodym property). As a consequence, if X is finite-dimensional, and if the set of all big points of X has non-empty interior in S, then X is a Hilbert space.
Similar comments can be made about the relation between the convex w*-transitivity of X * and the non-rarity in S(X *) of the set of all w*-big points of X *. 4.6. In the proof of Theorem 3.2 we applied several times the result in [3] that the class (of almost transitive super-reflexive Banach spaces) is self-dual. It is worth mentioning that this fact also follows from our arguments. Indeed, the proof of (2) (1) in Theorem 3.2 does not involve that fact. Moreover, if X is in , then X * is convex w*-transitive (by the almost transitivity of X ), hence X * is convex transitive and has non-rough norm (by reflexivity), so that X * lies in thanks to the implication (2) (1) in Theorem 3.2 quoted above.
